This paper presents a framework for formulating and solving multi-disciplinary optimization (MDO) problems wherein the system parameters (e.g., material properties, boundary conditions, loads, model prediction errors, etc.) are not necessarily deterministic and are described by probability distributions. For these problems the objective is to maximize system performance (e.g., payload, aerodynamic efficiency, etc.) while satisfying constraints that ensure reliable operation. Since system parameters are not necessarily deterministic, the objective function and constraints must be stated probabilistically. This class of problems is called reliability-based multi-disciplinary optimization (RBMDO) problems. The framework developed herein allows designers and analysts to solve such RBMDO problems in much the same way that modern MDO problems are posed, thereby enabling all the benefits of modern MDO but achieving more robust designs. The designs are optimal over the range of operating conditions that a system may be subjected to while providing a desired level of reliability.
INTRODUCTION
The field of optimization has seen rapid advancement from single or uni-discipline optimization (UDO) to multi-disciplinary optimization (MDO). Current state-of-the-art optimization strategies recognize that optimization problem objective functions must be performance based; thereby requiring solution of multidisciplinary problems. For example, a wing design objective function must consider aerodynamics and shape parameters, and cannot be simply concerned with reallocating member weights. This evolution to MDO now allows us to find optimal structural shapes and structural configurations that simultaneously satisfy performance (e.g., aerodynamic efficiency), weight, and safety criteria. The results are designs that achieve higher performance than those achieved using traditional single-discipline optimization, where configurations are optimized independently for each discipline. This evolution to MDO also enables us to solve more realistic problems of much more practical interest. However, in deterministic MDO we obtain a design that is optimal for the specific set of parameter values used during the optimization. This approach often leaves the designer asking the question: "Will this design perform well under different operating conditions;" or "will this design perform well if as-built dimensions or material properties vary from what was assumed during design." [1, 2] Recently, much attention has been turned to the development of procedures to couple powerful multidisciplinary optimization techniques with probabilistic analysis/design methods. This class of problems is called reliability-based multi-disciplinary optimization (RBMDO) problems. The need for such technology is quite compelling. In RBMDO the objective is performance-based while the constraints are reliabilitybased. Consequently, random variables are separated into operational and single-occurrence random variables.
The solution of these RBMDO problems requires a different approach than that used in earlier research in reliability-based structural optimization (uni-discipline) wherein the goal is usually to minimize weight (or cost) for a structural configuration subject to a limiting probability of failure or to minimize probability of failure subject to a limiting weight (or cost). [3, 4] In addition, RBMDO can produce designs that are more robust than the deterministic optimum designs because RBMDO explicitly considers uncertainties during the optimization process. For these problems the objective is to maximize performance over the range of operating conditions, while satisfying constraints that ensure safe American Institute of Aeronautics and Astronautics and reliable operation. Because the objective is performance based and because the constraints are reliability based, the random variables used in the objective must model variability in operating conditions, while the random variables used in the constraints must model uncertainty in extreme values (to ensure safety). Thus, the problem must be formulated to treat these two different types of variables at the same time, including the case when the same physical quantity (e.g., a particular load) appears in both the objective function and the constraints. In addition, the problem must be formulated to treat multiple load cases, which can again require modeling the same physical quantity with different random variables. We have developed a new framework for integrating multi-disciplinary optimization (MDO) and probabilistic methods to perform reliability-based MDO (RBMDO). The framework allows for solution of optimization problems wherein the system parameters (e.g., material properties, boundary conditions, loads, model prediction errors, etc.) are not necessarily deterministic and are described by probability distributions. This approach, that is, consideration of uncertainties during the optimization process, results in robust designs that are optimal over the range of variable conditions under which most man-made systems must operate. The framework includes a graphical user interface, a state-of-the-art probabilistic analysis engine, and methods to rapidly integrate legacy and in-house applications as well as third party commercial applications for multi-disciplinary analysis. The framework also supports the use of both commercial and public domain optimization packages. The probabilistic analysis engine can use either an adaptive response surface method, based on the fractional central composite experimental design technique and the most probable failure point (MPP) concept, the FORM and SORM techniques, or Monte Carlo simulation.
The methodology has been demonstrated in previous publications by the authors to design engine components, [5, 6] aircraft lap joints, [7] and transport aircraft wings. [8] These results show that the RBMDO approach is able to obtain the solution that best balances performance and reliability, considering the range of operating conditions. The methodology has also demonstrated the ability to reduce the weight of the deterministic design and still improve the design reliability.
Applied Research Associates, Inc. (ARA) has developed a Probabilistic Finite Element System with Multi-disciplinary Optimization called ProFES/MDO. All the new features described in this paper have been implemented in ProFES/MDO. In this paper we focus on the new features and example applications. It will be shown that the methodology developed in this paper works well and produces reliable optimal designs.
METHODOLOGY
An overview of the methodology that has been developed and tested [8] and has now been implemented in ARA's ProFES/MDO is summarized in Figure 1 . The methodology involves: (1) a multi-stage design of experiments variable screening strategy to define the significant variable set; (2) probabilistic analysis using any of ProFES's probabilistic analysis methods and interaction with commercial CAE codes; (3) linearization of the constraints at the most probable failure points (MPPs) of each random variable, for each constraint; (4) development of a second order response surface for the objective function at the mean values of all design variables; (5) non-linear programming to find optional American Institute of Aeronautics and Astronautics the optimum design using the response surfaces (via a public domain or commercial optimizer); and (6) updating of the MPPs for the current active constraint set using new values of the design variables. As shown the process is repeated until convergence is achieved.
Initial
To properly simulate the performance of a system that is a function of both single-occurrence and operational random variables we use a dual loop algorithm. Singleoccurrence random variables represent random conditions that occur only once during the lifetime of the system as well as random conditions that assume a fixed value once the system or component has been fabricated. Operational random variables represent conditions that exhibit uncertain changes during operation of the system. The probabilistic analysis over the response surfaces actually consists of an outer and an inner loop to model the single-occurrence and operational random variables respectively.
A key feature of the methodology is how the probabilistic analysis is de-coupled from the optimization process. As shown, computation of most probable failure points (MPPs) is not performed inside of the optimization loop. Rather MPPs are computed initially, before the first execution of the optimization loop, and then updated after the optimization loop is executed. This is equivalent to using an approximate form of the constraint during the optimization process.
PROFES/MDO FRAMEWORK

Integration with Commercial Software
The framework enabling integration of RBMDO and both modern commercial and legacy applications is built on ARA's commercial Probabilistic Finite Element application-ProFES [9] creating a new framework called ProFES/MDO. ProFES was designed to facilitate rapid development of probabilistic models from existing deterministic ones. All coding necessary for interfacing to commercial finite element codes is already part of this application. Additionally, ProFES interfaces directly to CAD/CAE applications (Unigraphics, PATRAN). This advanced feature allows shape parameters to be random variables. In a similar manner the optimization module allows these shape parameters to be design variables. For legacy codes ProFES can interface to executable code with text based input and output using the file mode. The user simply opens the input and output files using ProFES and specifies, graphically, the input fields that are to be random or design variables. The executable code is called from ProFES automatically. Specified fields in the input file become random variables and fields in the output file become response variables.
GUI for Defining Probabilistic Optimization Problems
The ProFES GUI allows the user to build probabilistic models by specifying and defining random variables, response functions, limit-states, etc. In the same way the optimization additions to ProFES allows the user to specifies and define design variables, constraints, and the objective functions. We presented the ProFES/MDO GUI in previous publications [10, 11] and the interested reader should consult this reference for details of the GUI.
EXAMPLE APPLICATIONS
We have selected several analytic as well as finite element examples to test and demonstrate the ProFES/MDO code. In the following we will present examples of four analytic problems and an analytic cantilever beam problem. We will also outline our current validation problem in progress: a reliabilitybased structural optimization of a transport aircraft wing.
Four Analytic Example Problems
Following are the analytic functions used for the first investigation. The objective and limit state functions have closed form expressions but the gradients for these functions are evaluated through the forward finite difference method. Note that some of the functions are highly nonlinear and the problems are specifically designed to stress the algorithm. Table 1 shows that the addition of new features in this paper substantially reduces the number of function evaluations. The efficiency of the new approach is increased with the size of the problem.
Cantilever Beam Design Optimization
The cantilever beam is shown in Figure 2 . It is assumed that the beam has a fixed length of L = 100.0 in. and that the cross sectional dimensions of the beam remain constant along the length of the beam. The objective of the design is to minimize the weight or, equivalently, the cross-sectional area w*t. 
Figure 2. Design optimization of a cantilever beam
Two limits states will be considered. The first limit state deals with yielding at a corner of the fixed end of the beam, where the normal stress is maximum and the second limit state deals with the displacement at the free end of the beam, where the displacement is maximum.
The problem can be stated as follows:
Where,
In the above, D o =2.2535 in. is the displacement tolerance at the free end of the beam, R is the random yield strength, E is the random Young's modulus, X and Y are mutually independent random loads, and width w and thickness t are the random design variables. The reliability of .99865 corresponds to a target safety index, β = 3.00. All random variables are assumed to have normal distributions defined as follows: We used the ProFES/MDO code to solve this problem. Three test cases are analyzed. The first case considers the stress limit state only, the second case considers the displacement limit state only, and the third case considers both limit states simultaneously. It should be noted that the two limit states share four common random variables, X, Y, w, and t and for deterministic designs two different sets of safety factors are needed for two reliability constraints.
For this example, to fully test the software at this time, we allowed the algorithm to execute a full FORM analysis within the optimization loop. We also modified the FORM algorithm so that the MPP search starts from the MPP from the previous iteration. We expect that this approach should yield further speedups in the analysis process.
The results from the RBMDO analysis using the ProFES/MDO framework are shown in tables 2-4. In the tables the numbers in column "n1" show the number of objective function evaluations and the numbers in column "n2" show the number of limit state function evaluations. In these tables "Method 1" indicates the implementation in which the MPP search in each iteration starts from the mean and "Method 2" indicates the implementation in which the MPP search in each iteration starts from the MPP of the previous iteration. In these analyses the FORM option in ProFES/MDO was used but SORM, ARSM, and MCS options are also available in ProFES/MDO and could have been used as well.
It is observed that using the MPP from the previous iteration in a new MPP search substantially reduces the number of function evaluations except for the first case.
For that case, apparently the MPP search, for an updated set of random design variables converges in two iterations, and so it does not matter whether the MPP search starts from the updated mean values of the random design variables or the MPP from the previous iteration. A comparison of tables 2-4 shows that the optimum design for the stress limit state was achieved with the fewest evaluations of the objective function (optimizer calls) and the stress limit state function (FORM calls). The optimum design for the displacement limit state was achieved with more evaluations of the objective function and the displacement limit state (constraint) function, likely because the g D -function is nonlinear in five of the random variables, whereas the g S -function is nonlinear in two of the random variables. The optimum design for the combined stress and displacement limit states was achieved with the most evaluations of the objective function and the limit state functions as expected. We also observe that the optimal designs for the first case and third case are almost identical. This means that the optimal design for the first case, which demands a greater cross sectional area (i.e., weight) than the second case, governs the design. This can be interpreted as a problem in which the stress constraint is active, while the displacement constraint may be considered as inactive. This suggests that for problems with a large number of constraints, the efficiency may be significantly improved by detecting and managing inactive constraints during the optimization process.
Transport Aircraft Wing Optimization
To fully demonstrate the capabilities of our ProFES/MDO framework we perform reliability-based structural optimization of a full-scale transport aircraft wing and to compare the optimized design and performance characteristics obtained using RBMDO vs. deterministic MDO. To achieve these goals we worked with Alpha Star Corporation and The Boeing Company on performing reliability-based structural optimization of the ACT S/RFI composite wing box. We obtained the NASTRAN model of the Advanced Composite Technology (ACT) wing from the Boeing Company. The base line aircraft selected for this demonstration is the D-3308-4 configuration of the proposed Boeing 190-passenger, two-class, transport aircraft. The NASTRAN finite element model of the wing is shown in Figure 3 .
The design weights for this aircraft are maximum take off gross weight (MTOGW) = 180 kips and maximum landing weight (MLW) = 167.5 kips. The semi-span composite wing box under consideration is shown in Figure 4 . The critical design conditions for this composite wing box were derived from the DC-10-10 and MD-90-30 aircraft loads as follows. The semi-span composite wing external loads are applied to eight discrete actuator load points on the test article shown in Figure 4 . The discrete loads are adjusted to best approximate the shears, moments, and torques of the flight and ground conditions. The semispan test article consists of upper and lower cover panels, front and rear spars, ribs, and bulkheads shown in Figure 5 . The major components are the cover panels. Each contains skin, stringers, spar caps, and intercoastal clips. These subcomponents are stitched together to form a single dry-fiber preform, which is then filled with resin and cured by the resin film American Institute of Aeronautics and Astronautics infusion (RFI) process. The spar webs are also stitched RFI components. The ribs and bulkheads are carbonfiber tape layed with no stitching. As a first step we perform a deterministic analysis of the wing subject to the loading condition 1 above, i.e., 2.5-g positive balance flight maneuver (up-bending). The deformation and von Mises stress distribution are shown in Figures 6 and 7 , respectively. The PATRAN plot in Figure 6 shows the maximum deflection of 39.0 in. (z-component displacement = 38.8 in.) for the initial wing model occurs at node 3530 at the wing tip and Figure 7 shows that the maximum von Mises stress of 6770 psi for the initial wing model occurs at element 2767. The locations of element 2767 and node 3530 are shown in Figure 8 . We will use the von Mises stress at element 2767 for our material yielding (failure) constraint and the z-component displacement at node 3530 for our deflection constraint in the optimization set up described below.
Figure 8. Location of element 2767 and node 3530 in the constraints
We worked with Alpha Star Corporation and the Boeing Company to identify and set up the demonstration problem regarding the objective function, the limit state functions, the random variables, and the design variables (some of which may also be random). The objective function is to minimize the weight of the wing. The constraints are chosen such as to prevent material yielding (failure) and enforcing limits on the vertical displacement at wing tip.
To begin the RBMDO of the wing, we first set up a verification problem with only two design random variables. The design and random variables are shown in Tables 5 and 6 , respectively. The design and random variables are chosen to be the thickness of the shell sections that contribute the most weight to the wing. The two design random variables T1 (thickness of shell American Institute of Aeronautics and Astronautics section PSHELL id = 23 with 123 shell finite elements on the upper skin panel) and T2 (thickness of shell section PSHELL id = 33 with 169 shell finite elements on the lower skin panel) in Table 5 are the biggest weight contributors to the wing with total weights of 251.38 lbs and 152.44 lbs, respectively. The three random variables R2 (thickness of shell section PSHELL id = 38 with 82 shell finite elements on the front spar panel), R3 (thickness of shell section PSHELL id = 30 with 83 shell finite elements on the rear spar panel), and R4 (thickness of shell section PSHELL id = 39 with 120 shell finite elements on the rib panels) in Table 6 are the next biggest weight contributors to the wing in their corresponding sections with total weights of 125.03 lbs, 116.36 lbs, and 59.08 lbs, respectively. Figures 9-14 show the shell elements to which the design and random variables are assigned. where, P 1 and P 2 correspond to the reliability of the stress and displacement constraints in the design of the wing using RBMDO. For this design, we choose P 1 and P 2 such that the probability of failure of the two constraints is reduced by a factor of ten from that of the initial design.
Results
The results of the optimization for the wing design are shown in Table 7 .
Table 7. Results of the ProFES/MDO code for the optimization of the wing
As shown in Table 7 , all three methods (i.e., loop decoupling, Full-FORM, and Full FORM with reusing the MPP from the previous step) work well and give optimal designs that are very close to each other. It turns out that for this set up of the wing model, the optimal design increases the weight of the wing by 7.61 1bs (loop decoupling method) from that of the initial design, however, the reliability of the design has improved by a factor of ten. From the results in Table 7 , we see that by shifting of weight from the upper panel to the lower panel we have improved the reliability of the design. We also see that the loop decoupling method requires only 156 finite element runs, i.e., a factor of 4.4 fewer runs than the Full FORM approach. Furthermore, we see that simply reusing the MPP from the previous step in the Full FORM approach reduces the number of finite element runs by a factor of 1.7.
After the RBMDO analysis, we performed a probabilistic analysis of the new design with both FORM and 3000 MCS (Monte Carlo Simulation) to check the new design and make sure that the limit state constraints are not violated over the entire wing, i.e., the von Mises stress does not exceed the constraint limit at any element and that the z-component of the displacement does not exceed the constraint limit at any node. Figures 15 and 16 show the deformation and von Mises stress distribution, respectively, of the new design in a deterministic analysis. . Von Mises stress distribution of the optimized semi-span composite wing box due to 2.5-g upbending load With the successful analysis of the above verification set up, we then made a new and more challenging set up of the wing in which we made the thickness of all five sections to be random design variables and only kept the elastic modulus to be non-design random variable. We kept the objective function to be the same as the above set up and varied the reliability of the constraints.
First, we set the reliability of the constraints to be the same as in the above set up so as to improve the reliability of the design by a factor of ten over the initial design. The results of the optimization for the new set up of the wing design are shown in Table 8 . For this set up we analyzed the problem using the loop decoupling method. As shown in Table 8 , we see that for this set up of the wing model, the optimal design reduces the weight by 17.32 lbs from that of the initial design (i.e., 2.5% weight reduction in the 5 sections considered), while, at the same time, improving the reliability of the design by a factor of ten. As we did in the above, we checked the new design to make sure that the limit state constraints are not violated over the entire wing.
Optimal design Initial design
Loop
Next, we made another analysis of the new set up to see how much weight could be reduced if the reliability for the two constraints in the optimal design is kept the same as in the initial design. The results of the optimization for this analysis are shown in Table 9 . Again, for this analysis we used the loop decoupling method. As shown in Table 9 , we see that the optimal design reduces the weight by 25.02 lbs from that of the initial design (i.e., 3.6% weight reduction in the 5 sections considered), while keeping the reliability of the new design the same as that of the initial design. Again, we checked the new design to make sure that the limit state constraints are not violated over the entire wing.
Finally, we made another analysis of the new set up to improve the reliability of the new design by a factor of one hundred over the initial design. The results of the optimization for this analysis are shown in Table 10 .
Again, for this analysis we used the loop decoupling method. As shown in Table 10 , we see that the optimal design reduces the weight by 9.07 lbs from that of the initial design (i.e., 1.3% weight reduction in the 5 sections considered), while, at the same time, improving the reliability of the design by a factor of one hundred. Again, we checked the new design to make sure that the limit state constraints are not violated over the entire wing. Figure 17 shows comparison of the initial design with the three optimal designs described above. The numbers in the figure show the ratio of the weight for the optimal design as compared with the initial design for various factors of improvement in reliability as compared with the initial design. The ratios shown in the figure are for the weight of the five sections in the initial design (with the total weight of 704.29 lbs) and the weight of the same five sections in the optimal designs. We should note that the weight of these five sections constitute only 8.5% of the total weight of the wing, and it would be a natural conclusion that more weight savings could be achieved if we had made all shell sections as well as the beams in the model as design random variables, however, those kind of calculations require prohibitively extensive computational capabilities. 
SUMMARY AND CONCLUSIONS
Deterministic approaches to solving MDO problems have had to resort to obtaining multiple solutions for a number of discrete operational conditions (e.g., cruise altitude, Mach number, fuel weight, takeoff altitude). RBMDO obviates this need by treating these varying conditions as continuous (and correlated) random variables, thereby accounting for their relative occurrence frequencies and thus, obtaining a design that is robust and optimized over the range of operational requirements. In addition, the problem constraints are reliability-based and do not require the use of arbitrary safety factors; hence, system reliability and safety is ensured and all constraints are properly weighted (i.e., the design will not be unduly influenced by a single overly conservative constraint or load case). Our prior research has shown that the RBMDO solution provides an optimum design that is improved over the deterministic design in that it is robust and operates more effectively considering the range of operating conditions (e.g., it performs better, on average, over the range of operating conditions) and provides for safe and reliable operation during off-design conditions. We have developed a new framework for integrating multidisciplinary optimization (MDO) and probabilistic methods to perform reliability-based MDO (RBMDO).
The framework allows solution of optimization problems wherein the system parameters (e.g., material properties, boundary conditions, loads, model prediction errors, etc.) are not necessarily deterministic and are described by probability distributions. This approach, that is, consideration of uncertainties during the optimization process results in robust designs that are optimal over the range of variable conditions under which most man-made systems must operate. The framework has a graphical user interface and the underlying RBMDO methodology. The framework makes it possible to work with third party commercial CAE codes as well as in-house applications and legacy software. The framework has been developed and successfully used to solve several RBMDO problems.
In this paper, we demonstrated our ProFES/MDO framework through a full-scale wing design application, which has been outlined herein along with analysis results. The problem is a reliability-based structural optimization of the proposed Boeing 190-passenger transport aircraft. By using the new RBMDO methodology, we achieved a design that improved the reliability by a factor of 100 over the initial design and also reduced the weight by 1.3 percent.
